In this paper, the extended phase shift migration (PSM) for three-dimensional (3-D) multiinput-multi-output synthetic aperture radar (MIMO-SAR) imaging in terahertz (THz) band was studied. Based on one-dimensional MIMO arrays combined with synthetic aperture scan along another dimension, MIMO-SAR imaging scheme allows the number of array elements to be greatly reduced compared with the two-dimensional (2-D) MIMO arrays. By analyzing the derived analytical expression of the scattered waves in the frequency-wavenumber domain, the MIMO-SAR data in a certain frequency is mapped to another frequency of the 'explode fields' of the monostatic form in accordance with a newly defined 3-D dispersion relations. By multiplying the modified phase shift terms in each frequency of 'explode fields', the 'explode fields' at different range planes can be reconstructed. Finally, the 'explode fields' at time t = 0 can be successfully derived to realize fast imaging reconstruction for MIMO-SAR, with great reduction on the time consuming as compared with the BP algorithm and better accuracy compared with the Stolt migration. Additionally, due to its iterative nature in the range direction, the proposed algorithm is more flexible in treating more complicated scenarios, such as the image reconstruction in the multi-layer medium. A bistatic prototype imager was designed for the proof-of-principle experiments in THz band. The 3-D imaging results of different targets and computational complexity were also given to demonstrate the good performance of the proposed algorithm for THz MIMO-SAR imaging.
I. INTRODUCTION
Terahertz (THz) waves are generally referred to the spectrum from 0.1 to 10 THz, which lie in the gap between the microwave and infrared. THz has many advantages due to its unique electromagnetic wave band. Unlike optical and infrared radiation, THz waves offer the property of being able to 'see through' obscuring materials such as clothing, cardboard, plastics, and wood with relatively little loss. Compared with microwaves and lower radio frequency waves, THz
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waves have shorter wavelengths and broader bandwidths, which result in better spatial resolutions and make the objects easier to be identified. Especially and attractively, resolutions in millimeter even sub-millimeter level for all the three spatial dimensions are available for an active imaging system in THz band, which is found to be promising for plenty of applications [1] - [10] , such as security and safety screening, non-destructive testing (NDT) and evaluation.
Limited by the techniques and the costs of THz sources and detectors, imaging systems in the early stage were usually developed based on single transceiver with optical-mechanical scanners. For example, the Jet Propulsion VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ Laboratory (JPL) group developed a 3-D imaging radar in FMCW scheme at the band of 0.675 THz, by employing a large focusing elliptical reflector combined with a small rotating sub reflector to cover the two-dimensional (2-D) field of view (FOV) [5] - [7] . Imaging system with similar architecture was also studied in 0.35 THz by the Pacific Northwest National Laboratory (PNNL) [8] . Additionally, scanning quasi-optics with comparatively compact size by embedding both focusing and scanning reflectors inside a pair of parallel metal plates was also proposed to achieve 3-D imaging in THz band with a single transceiver [11] , [12] .
As the ever growing of the security and NDT requirements, active THz imaging with higher data acquisition speed becomes more and more necessary, especially for real-time applications in high throughput scenarios. In recent years, many efforts have been made on THz active imaging with multi-pixel parallel detection based on transceiver arrays [13] - [18] . For example, the JPL group has integrated a small array into its FMCW radar system to improve imaging speed [14] , [15] . More intuitively, another way with the concept of multi-input-multi-output (MIMO) array was lately introduced to achieve much higher array efficiency for active imaging in THz band [16] - [18] . A MIMO array based side-looking imaging system without scanning mechanism was studied in [16] , which has a fast imaging speed but lacks 3-D imaging capabilities. Another 0.36 THz system employs a one-dimensional (1-D) MIMO array combined with a scanning quasi-optics to cover another dimension of the FOV. With the MIMO architecture, the total elements of the transceivers can be significantly reduced as compared with the conventional array topology. And the concept of the synthetic aperture can be implemented in the MIMO array dimension with adaptive focusing. However, the fixed imaging distance is still expected in this imaging topology in [17] , [18] , since real aperture focusing is used in the quasi-optical scanning dimension.
For the purpose to achieve a fully adaptive focusing in THz band with high array efficiency, a multi-input-multi-output synthetic aperture radar (MIMO-SAR) imaging scheme with novel imaging reconstruction method is studied in this paper. As the schematic shown in Fig.1 , the 2-D FOV in x-y plane was covered by the scan of the 1-D MIMO array (x-direction) along the other dimension (y-direction). Reconstruction of images can be implemented by the combination of MIMO array signal processing and synthetic aperture thesis in the corresponding dimensions. For 3-D image reconstruction with the complex bistatic MIMO-SAR data, the methods based on coherent summations or convolutions with phasecorrected or time-compensated signals can be implemented, such as the conventional back projection (BP) algorithm [19] and the Modified Kirchhoff algorithm [20] , [21] . However, such kind of methods are usually time consuming with heavily limited applications, especially for real-time imaging.
So far, few works have been reported on fast reconstruction methods for the 3-D MIMO-SAR imaging. To accelerate imaging reconstruction, the kernel of BP algorithm is approximately separated into two independent kernels for the effective application of fast Fourier transformation (FFT) [22] . However, the approximation results in obvious degradations in the reconstructed point spread function (PSF) although the consumed time is reduced. Additionally, a 3-D MIMO near-field range migration algorithm (RMA) with high efficiency was proposed by Zhuge based on 2-D MIMO array in [23] , which reduced the computational complexity greatly as compared with the conventional BP algorithm. It was then extended to the MIMO-SAR regime by utilizing the spherical wave decomposition by Zhu in [24] . These wavenumber domain algorithms based on Stolt interpolation are usually efficient in dealing with the image reconstruction in single medium with the constant wave speed condition [25] . More recently, two Modified Kirchhoff based frequency domain algorithms were also proposed in [26] . Similar to Zhu's method, the first algorithm is also based on the Stolt interpolation. The second algorithm decomposes the MIMO imaging problem into several single-input-multipleoutput (SIMO) problems, which allows a more flexible distribution of the transmitters, but at the cost of time-consuming problems.
In this paper, the phase shift migration was studied for the MIMO-SAR reconstruction with high efficiency, and high accuracy, which is also suitable for more complex imaging scenes such as image reconstruction for targets embedded in multi-layer medium. The phase shift migration is originated from the exploding reflector model in reflection seismology [27] - [29] and usually implemented in monostatic imaging [25] , [30] , [31] . Compared with the BP algorithm, the proposed MIMO-SAR PSM algorithm has a great reduction on time consuming in reconstructing the images by using FFT operations. Taking advantages of its non-interpolation feature, PSM has higher numerical accuracy compared with Stolt migration for reconstructing high resolution images. Additionally, due to its iterative nature in range direction, PSM is more flexible in treating more complicated scenarios, such as image reconstruction in the multi-layer medium. The proposed methods and the algorithms were verified by the proof-of-principle experiments in THz band. This paper is organized as follows. The theory and the algorithm of the MIMO-SAR PSM algorithm are presented in Section II. Several implementation issues including sampling criteria, spatial resolution, implementation details and computational complexity are discussed in Section III. In Section IV and V, numerical simulation and experimental results are given in THz band respectively, through which the effectiveness and the efficiency of the proposed algorithm are demonstrated. Finally, a conclusion is drawn in Section VI.
II. FORMULATION A. THEORY AND ALGORITHM OF THE EXTENDED PSM FOR MIMO-SAR
As given in Fig.1 , the locations of the transmitters and receivers are denoted as (x t , y, z) and (x r , y, z), respectively. The radiation aperture of linear MIMO array is assumed locating at a plane z and scanned along y axis forming a planar aperture to get the echoed field s(x t , x r , y, z, ω). Assume that the imaging domain is homogeneous and represented as D in the following content. The general target has a reflectivity distribution function O x , y , z . Under such MIMO-SAR imaging regime, the corresponding scattered wave field can be expressed as
where ω is the angular frequency, k = ω c 0 is the usual wavenumber in free space, and c 0 is the propagation speed of electromagnetic waves in free space. R t and R r are the distances from each point of the target to transmitters and receivers respectively, which are expressed as.
By ignoring the amplitude decay factors which has little impact on THz image reconstruction, the scattered data can be simplified as
Fourier transformations was then carried out on both sides of (4) along x t , x r and y dimensions which correspond to the spatial frequency k xt , k xr , k y respectively. Then we got
The Method of Stationary Phase (MSP) was utilized in dealing with the 3-D integration in (6) , and the solution is shown as
By substituting (7), (5) can be expressed as
A further simplified expression can be obtained if we define the new 3-D dispersion relations as
Then (8) was simplified as
Comparing (8) with Eq. (7) in [30] , we can find that the frequency domain ''explode field'' of the MIMO-SAR regime is ready to derive if we reorganize the left side of (10) according to (9) intõ
It's interesting to find that, after employing several Fourier transformations and data rearrangement in spatial frequency VOLUME 8, 2020 domain, the bistatic MIMO-SAR datas measured in a certain frequency ω is equivalent to the frequency domain 'explode fields'Ũ in an 'equivalent frequency'ω as shown in (11) . The detailed expression of the 'equivalent frequency'ω is given as:
where k xt = k xt /k, and k xr = k xr /k are referred as the normalized wavenumbers of transmitting and receiving arrays, respectively. Andω/ω is referred as the normalized equivalent frequency. Fig.2 illustrates the variation of the normalized equivalent frequency as a function of the two normalized wavenumbers. It's interesting to find that, as the wavenumbers for transmitting and receiving arrays come close to each other, the 'equivalent frequency'ω approaches the working frequency ω, and as the difference between the two wavenumbers increases, the value of the 'equivalent frequency'ω becomes smaller. We can also find the extrapolation property in range direction of the frequency domain 'explode fields' of the MIMO-SAR regime from (11) , which means, the frequency domain 'explode fields' of different range planes in the modified frequency-wavenumber domain can be obtained according to bistatic MIMO-SAR data measured in z plane as
] is defined as the phase shift term in the MIMO-SAR regime.
The 'explode field' in each z i plane can finally be derived based on the 2-D inverse Fourier transform in the modified wavenumber domain
According to the thesis of the exploded reflector model, the ''explode field'' at time t = 0 has a similar form as the object to be imaged [30] . Therefore, the reconstructed image can be finally recovered by the following integration over the 'equivalent frequency'ω
In summary, a comprehensive PSM algorithm can be extended for the MIMO-SAR regime based on the data rearrangement and extrapolation with the modified phase shift terms in modified wavenumber domain and integration over the 'equivalent frequency'. The concluded expression is shown as
Compared with the BP algorithm, the proposed MIMO-SAR PSM algorithm has a great reduction on the time consuming by effectively employing the FFT operations. Compared with the Stolt migration algorithm, the proposed MIMO-SAR PSM has better accuracy by avoiding the numerical interpolation in the wavenumber domain. The performance of this algorithm will be illustrated in detail in the following Sections.
III. IMPLEMENTATION ISSUES A. SAMPLING CRITERIA AND SPATIAL RESOLUTION
The sampling criteria of the MIMO-SAR regime should both satisfy the Nyquist sampling criteria in the MIMO array direction [23] as well as the Nyquist sampling criteria in the synthetic aperture scan direction [33] to avoid aliasing
where d xt , d xr and d y are the intervals of the transmitters,receivers and the synthetic aperture scan path, and L xt , L xr and L y are the length of transmitting array, receiving array and the synthetic aperture length respectively. λ min is the smallest wavelength which corresponds to the maximum frequency within the data bandwidth, D x and D y are width for the FOV in x and y directions, z 0 is the minimum distance between the array plane and the FOV and θ HBW is the half beam width (HBW) of antennas.
The spatial resolution of this algorithm is approximately shown in (18) which is a combined result of previous work [22] , [26] , [32] due to the combination feature of this regime, Fig.3 is a detailed implementation procedure of the proposed MIMO-SAR PSM algorithm in accordance to (16) , the FT and IFT operations of which are carried out with FFT and IFFT with high computation efficiency Before performing FFT operations along x t and x r dimensions, zero-padding process shown in the following equation needs to be done to make the transmitting array and receiving array the same length in order to get the same spatial frequency interval (19) where N xt and N xr represent the number of zero-padding of the transmitting and receiving array respectively. The frequency-wavenumber domain data is then phase shifted from the sampling plane z to z i planes in the FOV with the phase shift term exp[jk z (z i − z)] after performing the 3-D FFT operation.
After the phase shift operations, the distributed 5-D datã s k xt , k xr , k y , z i , ω in the frequency domain of x dimension needs to be rearranged into the modified wavenumberk x domain in accordance to the relationship defined in (9) .
If two or more samples fall into the samek x , the contributions can be added or averaged to prevent information lost, which is equivalent to different windowing operations and corresponds to different performance of the PSF as well [16] .
In this paper, the summation of the samek x data is adopted to gain a relatively better sidelobe in x direction.
Hence, we obtained the rearranged data in the modified frequency-wavenumber domain with uniformk x and k y . The 'exploding fields' are then transformed from the frequencywavenumber domain to the frequency-space domain by utilizing the 2-D IFFT operation. Finally, the fully focused 3-D image can be reconstructed by the integration over the 'equivalent frequencies'ω as given in (15) . Table 1 illustrated the detailed computational cost of the proposed MIMO-SAR PSM algorithm. To measure more compactly, the final computational cost is evaluated by the number of floating-point operation (FLOP), which can be either a real multiplication or a real addition [24] . The final computation cost of the MIMO-SAR PSM algorithm is shown as (20) where N f is the frequency steps number of the SFCW signal, N x is the number of monostatic spatial frequency in the x-direction with an expression as N x = N xt + N xr − 1, N y is the number of scanning points in y-direction, and N z is the number of the resulted planes in the ROI.
C. COMPUTATIONL COST
For comparison, the computational cost of an improved BP algorithm with FFT integrated in range domain for acceleration, as given in [26] , is borrowed as (21) where N x , N y , N z are the reconstructed points of the ROI.
The total computation cost of the MIMO-SAR RMA proposed in [24] is also shown as (22) To further simplify the comparison, we suppose that N y , N f , N z , N x , N y , N z are in the same order with a given number N . For N xt , N xr ,since the number of EPC is determined by N xt · N xr , it is more reasonable to assume that N xt , N xr are in the order of √ N respectively [26] . Therefore, we obtained more intuitive expressions of (20), (21) and (22) , which are O(N 4 ), O(N 5 ) and O(N 3 log N ) respectively. The great improvement in efficiency of the proposed MIMO-SAR PSM algorithm is obvious and will be further validated by simulation and experiments in the following sections.
IV. NUMERICAL SIMULATION
In this part, the MIMO-SAR PSM algorithm was verified through the comparison with the improved BP algorithm and the MIMO-SAR RMA in image quality and consumed imaging computational complexity as well. Two simulations based on different targets are presented here. The first target shown in Fig.4 (a) consists of 9-point scatters distributed within an area of 0.15 m × 0.15 m × 0.15 m. The second target shown in Fig.4(b) is an extended target Siemens Star with a diameter of 12 cm. The center point of these two targets is located at 1 m away from the planar aperture with an azimuth position located at the center of the planar array. The frequency of the signal centered at 0.1 THz with bandwidth 15.75 GHz sampled as 31 points in a step of 525 MHz. The 1-D MIMO array structure shown in Fig.4 is adopted in the following simulation with 6 transmitters and 39 receivers. The total length of the MIMO array is 0.3 m, with intervals of 2.5 mm for the transmitting elements and 7.5 mm for the receiving elements, respectively, and the scanning length of the synthetic aperture direction is 0.3 m with a spatial interval of 2 mm, which is in accordance with the Nyquist sampling criteria shown in (17) . No optimization techniques for array design is adopted here, since the main focus of this paper is put on the improvement of the image reconstruction method. According to (18) , the theoretical resolutions along x-direction, y-direction and z-direction under this setting are 4.5 mm, 4.4 mm and 8.4 mm, respectively.
The simulation is based on the field distribution of the horn shown in Fig.5 at the front of the transmitter and receiver in the plane at a concerned distance. With the simulated filed distribution acquired by the commercial electromagnetic computation software FEKO, the bistatic MIMO-SAR echoed data can be obtained. And then, the MIMO-SAR PSM algorithm developed in Section II was verified to reconstruct the image with high efficiency. Fig.6 shows the reconstructed image for the 9-point targets set in Fig.4 . The 3-D images have been reconstructed within a 0.2m ×0.2m ×0.2m cube. The 3-D images and its front/side views projecting onto the x-y and z-y planes of the 9-point targets are all shown. For a comprehensive comparison, the images based on the improved BP algorithm and the MIMO-SAR RMA and the MIMO-SAR PSM algorithm proposed in this paper are both given. Through the reconstructed images in Fig.6 , we can find that results of the three algorithms all get fully focused. The resolutions in x-direction, y-direction and z-direction were also tested by extracting the 3-dB width of the PSF of the center point, which were 4.7 mm, 4.9 mm, and 8.1 mm, respectively, which is close to the theoretical ones.
In order to illustrate the difference more clearly, Fig.7 shows the PSFs of the three algorithms for a single point target at (0,0,1). The well consistency between them can be clearly observed, however, at the position of about 0.025m we can find a sidelobe of the MIMO-SAR RMA is about 3-dB higher than the MIMO-PSM, 6-dB higher than BP. A similar case can be also found in the second simulation results as shown in Fig.8 by observing the stronger interferes between metal sectors in Fig.8(b) and Fig.8 (e) .
As mentioned in [33] , the time consuming of algorithms implementation depends largely on the type of computers, and different programming habits and optimization methods will also lead to different processing time even for the same algorithm. Therefore, we think it's reasonable and objective to evaluate different algorithms by their FLOP times according to actual parameters of simulations or experiments. The number of FLOP of these three algorithms are shown in Table 2 . The computational loads of these two simulations are the same due to the same simulation setup. From Table 2 , we can find that the calculation amount of the proposed algorithm is on the same order as the MIMO-SAR RMA, which is much smaller than the calculation amount of BP. The final 3-D image of the entire reconstruction of the proposed algorithm takes less than 12 s which is much less than the improved BP algorithm. 
V. EXPERIMENT RESULTS

A. EXPERIMENT SETUP
To illustrate the performance of the proposed MIMO-SAR PSM algorithm in practical applications, as shown in Fig.9 , a prototype imager was developed in the 0.1 THz band. The system was fabricated based on a microwave Vector Network Analyzer (VNA) combined with two transmitters to multiply the signal to the 0.1 THz band, and a receiver to convert the 0.1 THz signal to the intermediate frequency (IF) signal. Then the IF signal is sent to the VNA to extract its amplitude and phase information. The linear MIMO array can be equivalently realized by scanning the two transmitters and receiver along the horizonal direction (x-direction) with the help of three motor driven platform. And the moving of the whole virtual MIMO array in the vertical direction (y-direction) was controlled by the fourth motor driven platform to cover the FOV in SAR direction. Three identical horns with 3 dB beam width 19 • are used as the transmitting and receiving antennas.
In the experimental setup, a virtual MIMO array the same as the simulation is equivalently realized as schematically shown in Fig.4 . If the actual MIMO array elements are adequate, the data acquisition will be realized by switching the transmitters sequentially with the receivers receiving in parallel, without any mechanical movement along the horizonal direction. Hence, the effective synthetic aperture time can be reasonably evaluated by adding the frequency sweeping time for the transmitters in the whole imaging experiment, considering the parallel data receiving for a practical MIMO-SAR system. The time of one frequency sweeping is 2 ms in our experiment. For single MIMO scan along horizonal direction, frequency sweeping is performed sequentially at 6 transmitting positions. And the whole imaging process is composed of N y MIMO scans corresponding to N y positions at the synthetic aperture direction (vertical direction). Therefore, the total effective synthetic aperture time is 12N y ms. And the mechanical movement in vertical direction is slightly larger than the total effective synthetic aperture time.
The complete band of this system is 75∼110 GHz with a sampling step of 175 MHz. In order to avoid data redundancy, we selected 15.75 GHz experimental data in the full bandwidth, the center frequency is 0.1 THz, and the sampling step is 525 MHz, which is also consistent with the settings of the simulation.
B. EXPERIMENTAL RESULTS IN THE FREE SPACE
The target of the first experiment is a metallic letter A fixed on the absorbing material. The height of the target is 14.5 cm and the width is 16.5 cm. The distance between the target and the scanning aperture is about 1m. The vertical scanning is 50 cm with a 2 mm interval. The corresponding total effective synthetic aperture time is 3s.
High consistency between these three algorithms can be observed clearly as shown in Fig.10 . However, the computational times of the 3-D reconstruction of the MIMO-SAR RMA and the proposed MIMO-SAR PSM algorithm are far less than that of the improved BP algorithm as shown in Table 3 .
As can be seen in Fig.11(a)-(b) , the second experiment with three different targets arranged at three different ranges away from the scanning aperture is also shown to validate the ability of full-adaptive focusing of the proposed MIMO-SAR PSM algorithm. Additionally, results of the BP algorithm and the MIMO-SAR RMA are also presented to make a more comprehensive comparison. The vertical scanning length in this experiment is 30 cm with 2 mm interval. The corresponding total effective synthetic aperture time is 1.8s.
The fully focused imaging results of these three algorithms can be seen in Fig.11(c) -(e), which are nearly identical. However, if we compare Fig.11 (c)-(e) more carefully, we could find that a better imaging quality is obtained by the proposed algorithm than the MIMO-SAR RMA through comparing the trigger part of the gun in these two pictures, the enlarged images are presented in Fig.11 (g)-(i). Cautiously, we think this is mainly due to the non-interpolation feature of the proposed algorithm which avoids the numerical error resulted from the Stolt interpolation, which is consistent with the simulation results in Fig.7 and Fig.8 .
The computational times of the three different algorithms are listed on Table 4 . Although the MIMO-SAR PSM algorithm needs more time than the MIMO-SAR RMA, its computational complexity is no more than 0.09% of that of the 
C. EXPERIMENTAL RESULTS IN THE MULTI-LAYER MEDIUM
Additionally, the proposed MIMO-SAR PSM can also be extended to deal with the image reconstruction in multi-layer medium. This was furtherly verified by another proof-of-state experiment shown in Fig.12 , which has the same experimental parameter settings as experiment two. A polyethylene having a refractive index of 1.5 and a known thickness of 5.2 cm is placed in front of the targets which divided the medium in the imaging scene into three layers. The distance between the MIMO-SAR aperture and the polyethylene can be measured precisely through the scattered waves. While taking advantages of the extrapolation feature in the range direction of the proposed MIMO-SAR PSM algorithm as shown in (13), a well-focused image can still be fully focused, as shown in Fig.11(b) , by substituting k and c 0 in (9) with k = ω/v and v for the polyethylene region, where v = c 0 /n is the propagating speed of electromagnetic waves in the medium and n is the value of the refractive index. It should be noted that, in order to accelerate the image reconstruction when processing multi-layer medium problems, parallel computing can still be used in each layer separately based on the fields of the first range plane in the corresponding layer.
VI. CONCLUSION
In this paper, the extension of the PSM for 3-D MIMO-SAR imaging in THz band has been investigated based on the exploded reflector model and the wave equations. By analyzing the derived analytical expression of the scattered waves in the frequency-wavenumber domain, the relationship between the 'exploding fields' and the bistatic data recorded in MIMO-SAR was revealed, and the analytical expression of the 'explode fields' was derived from the MIMO-SAR data. The formula of the 'equivalent frequency' and the modified phase shift term was derived to establish a comprehensive MIMO-SAR PSM algorithm at the first time. By effectively employing the fast Fourier transform in the algorithm, the proposed algorithm has a great reduction on the time consuming in reconstructing the THz images as compared with the improved BP algorithm, without loss of the imaging qualities. Compared with the Stolt migration, the proposed MIMO-SAR PSM has better accuracy. Additionally, on the merits of the extrapolation feature in the range direction, PSM can be more flexibly extended for the image reconstruction in multi-layer medium. A MIMO-SAR prototype imager was designed for the proof-of-principle experiments in 0.1 THz band. 3-D imaging results of different targets were given, both in free space and in multi-layer medium case, to demonstrate the theoretical results obtained in this paper and the effectiveness and the efficiency of the proposed algorithm. Due to the current wavenumber domain algorithms for the MIMO-SAR scheme are all based on the Nyquist sampling criteria, in our future work, compressive sampling will be concerned to reduce the number of measurements, thereby reducing system costs.
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